Integrals using Trig Substitution

Notes, Examples, and Practice Exercises (w/ solutions)

Topics include U-substitution, trig identities, natural log, and
more.
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Integration using trigonometry substitution

Introduction:

2
2x f‘l,’ XT+7 dx Since the derivative of 3x2 is 6x, we can integrate this fanction rather easily.
1
3 6%}/ 32 +7  de
3 3
2 ., =
1 3x0+7) 20x7 +7)2
3 3 +C
9

But, what happens if the integral involves a radical WITHOUT the derivative on the outside?

1
5 = dx the derivative of x 2 is 2x, so direct substitution will not work..
xA1-x" . .
(i.e. there is "no U and U")
Integration by Trig Substitution is a technique to evaluate integrals involving particular radical forms.
trigonometry identity: 1+ tan?x = sec? x at—x?2 use sine substitution
¥ .2
cos” X tsin” x=1 -
a +x2 use tangent substitution
x2_ 52 use secant substitution

In the above integral, we can try sine substitution

leta=1 1
. —F—— dx
X = sin(u) 2/1/ 2
X 1-x

1
(sin(u))2 1- (shl(ll))z *

dx
then, let G = cos)

1
(sin(u)) 2 A 1— (sm(u))z cos(u) du dx = cos(u) du

sin? (u) = (sinw)”

1
2 7 d
(sinw)~ /Y 1 - (sin(u))? cos(u) du

-y ey oy ey ey

sin(u) = %/1 cos(u
© f)— du Trig substitution has eliminated
sin“(u) cos(u) the radical and created an
< 1 equation that can be integrated!
csc? (u) du
u
(using the S
) . e i
R triang] : 1-x
1-x —cot(u) + C —).ang °) - +C



Using Trig Substitution: Secant

1 2
X" —a”

letx=a. sec(u)

Example: !
dx
-9

Step 1. Identify "a" and "x" and other parts

Step 2: Substitute and solve

1
T————— dx
f'.{*xz—g

1
2 3sec(u)tan(u) du
A (3sec(u)) —9

3sec(u)tan(u)
S B du
A9 ((sec”u)—1)
3sec(u)tan(u)
S du

A /9 tan? (u)

3sec(u)tan(u)
3tan(u)

sec(u)
1

Step 3. Return to "original x's"

To find sec(u) and tan(u) in terms of x,
we construct a triangle:

Pythagorean Trig Identity:
2 2
l1+tan"x=sec” X

2 2
then, tan” X= sec”™ x —1

Assuming a=3,
let x = 3sec(u)

then, dx
Can 3sec(u)tan(u)

dx = 3sec(u)tan(u) du

Don't forget to substitute for dx

Note: We take advantage of trig identity
to get rid of the square root!

In | sec(u) + tan(u) |+ C

In the beginning, we let x = 3sec(u)

In|2 7}3 A S
( W\ S +
Therefore, sec(u) = % —-—;I;i:di;i:i?\l‘)e*' 3 3

And, using Pythagorean Theorem,
we obtain the opposite side... which is equivalent to

2

tan(u) = X" -0 Eoplposite\j n ‘ x+ Ax2oo ‘ +C
3 (adjacent)



Using Trig Substitution:  Sine
Ala2—x2
let x =a . sin(u)
Example: )
32 dx
(25 -x2)

Step 1: Identify the "X's, a's, and variables"

let x = 5sin(u) then, @x

du

Pythagorean Trig Identity:
sin? x + Cos? x=1

then,

There is no way to directly integrate this function
with the power rule

(because the "U" term x2 has no "U™ term X )
But, recognizing the term (25 — Xz] fits aZ—u?

we can try using sine substitution:

= Scos(u)
Don't forget to find dx !!

dx = 5cos(u) du

Step 2: Substitute and Solve

1

@5 - (SSin(u))z)m Scos(u) du

Scos(u) du

(25 - 25sin” u)

Scos(u)

du
(25[1 — sin u)])

SCOS(u)

(25005 )

5cos(u)
du
125¢co0s3 ()

1
25 sec’ W du —=

Step 3: Return to "original x's"

The radical is gone,

1-Sin? X=Cos2

X

and we have an
equation that can X = 5sin(u)
be integrated! .
s0, sin(u) = X (opposite)
’ 5 “(hypotenuse)
+
2 3 tan(u) + C s
X
u
Use Trig functions 25 —x2
to return to "X terms"
(Pythagorean Theorem)
% .
Therefore, tan(u) =
» tan(u) 25 42




Using Trig Substitution: Tangent

2 il
a“ +x-

let x = a .tan(u)

Example: x
T dx
Ay x4+ 9

Trig Substitution:

Since there is an "a squared plus x squared" under a radical,
let's try trig substitution with tangent:

Find terms: let x=3- tan(u)
then, dx _ 2
T = 3sec” (u)
du x? =otan? ()
dv= 3sec? (u) du
Substitute:

X
S A x2+9 “

3sec? (u) du

_ 3tan(w)
S /VmM(m+9

Pythagorean Trig Identity

1+tan2x=seczx

Basic Method:
(Traditional
Substitution)

1 &2+9?
2

2
1
2 2
x=+92 +cC
__ Stan(u) sec” (u, 2 (v Trig identity: 1+ tan2?x =sec? x
/v 91+ tan? ()]
9 tan(u) sec (u) Pythagorean Theorem: a c
S 3sec(u) du
"3 sec(u)tan(u) du 2
X°T+9
X
3 sec(u) +C
"Return to X' terms": u 3 N
3 X 3-I- 9 pe x = 3tan(u)
therefore, tan(u)= —  (0pposite)
2 ' (adjacent)
x“+0 +C
X“+9 (hypotenuse)
sec(u) = 3 (adjacent)




Step 1: Select the trig substitution...

9+ X2 . . 2 2
use identity 1+tan™ = sec
Step 2: Substitute for all terms
let x=3tan = Step 3: Solve
dx 2 SSecz@ d &
= = 3sec”
9 + 9tan’ &
dx = 3SGC2@ do
35ec2@ d o
3 A 1+ tan2
x2+ 9 -
X
= sec O d &
3
In(sec = +tanes ) +C
Example: 16 — n2 Step 1: select the trig subsitution..
—— dn
n use identity sin® = 1 - cos?

Step 2: substitute for all the terms

Let n=dcos& Step 3: Solve
so dn .
—— = —4sin
do 16 — (4cos 9)
4cos=

dn = —dsins do S

dcos=

4sinS « —dsins d=

dcos =

—4sin? —4sin” © do d<
s

—4 secS ~ cos o d

—d4n(sects Ttany ) + 4sine +C

Integral Trig Substitution

Step 4: Substitute to original variables and simplify

Al 2
X"+9 X
]I].|7‘+3—|+C

3

2

hl%l x“+9o tx | T C

— -
m3 In|

]_n‘/',.-'xz+g +x

X+9+X|+C

1
since In 3 is a constant, it
can be combined with C...

—4sins do

Ne(1-cos’S)  yne do

Step 4: Substitute

4 .2
_ 16—112 + 16—n + C
41n 1
n
2
16 - 4 N
4]:[] n + 167112 + C




"If you're not sure,
you can always try
the Tree of Knowledge."

"I don't know the

answer.. It's tempting.

Should we?"

"The principal said

not to.. But, ..."

Adam and Eve struggle in the first trigonometry class....

Practice Questions-—=>



B

dx

x(x4 +1)

Using Trig Substitution







SOLUTIONS

1
1) 5
S S d
0

Recognizing the trig identity
1+ sjnz ® = c052 (x)

Split the sine term...

X

sine=
dy = costad &

note: we also
1 change the x

2 2
T sin(3 sin £ cos Bdy =
2
boundaries
S to & boundaries S
0

il sl

2 2

S sm3@ m coseod & = S sjn3® coszgd@
0 0

Using Trig Substitution

Rlind
2
S 2 2
sin(= (1—cos £3) cos (=dD
0

Dmmh’ S o N‘—?/

————
0 T
2 4 3 5
sinf cos £3 — sin¢Scos 3 dEy = T €0S O . cos [
3 5
0
-0/3 + 0/5 - (-3 + 1/5) =|2/15
2
o The sum of two squares (x 4-0— 1)
x(x4 +1) can be a signal to try using tangent or arctangent.
1+ tanzx = seczx
2 2
Let x = tanU sec U
— du & U 1
2x 1 cosU
2% d 20 au 2 - 2 v = tanU 2 smU
X dx = sec an -
g X(tan” U+ 1) = M

2
dx = sec U

du
2x

Then, substitute the U for x....

1 .
= 5 InfsinU] +¢

4
1
mx — 3~ Inx +1) +c|<= In

)
E=
+
—
—
—
=
=
N/
—
=




Y S Mass? —a P /\/ 4(2‘45;;2+ 1)
X -
A &2

seczx -1= mnzx

25
Let sz = secz@

SOLUTIONS

/\/25(%5&@)2—4

—g‘sec@

A/4sec2@—4

2
5 sec &

4/4 ‘[a.rlz@

‘i‘sec@tm@d@

4 2
2 5% 2 e
A/ 255 —4 * 25 =4 % sec £
_2
& X =75 sec = 2
2 tan” ¢ d )
2 = 2
dx st d O
2
2 sec &y — 1 di
NN [ N s
/\/25}; -4 2tam Y +cC
2 e MmO -25 4 C
4) 1 Integration using trigonometry substitution 2 2 use sine substitution
2 dx
A x 1 ‘ A
X trigonometry identity: 1 + tan Zx=seclx al+x2 use tangent substitution
costx +sin? x=1 x?_ g2 use secant substitution

Step 1: Identify the trig substitution
secant trig substitution...

Step 2: Determine the values

letx=sec &

then, dx=secStan= d=

Step 3: Substitute and Solve

SA/;_I *

S secS tan S

e

1
S 2 secOtan S de
M(seca) —1

Finding integral of secant...

S sec(x) dx

gsec(x) sec(x) ~ tan(x) gy

sec(x) + tan(x)

S sec2 (%) + sec(x)tan(x)
sec(x) + tan(x)

Let U = sec(x) + tan(x)

s 1 sec(x)tan(x) + secz(x)
dx

Step 4:  Substitute

/\{Xz—l x

By choosing this trig identity,
we've eliminated the radical!

sec =] .
Eg_r:@

S secO do = In|seceyttanés | +C \/

du
S v = In|U|

In | sec(x) + tan(x)| \/

In + C

X+ /\.ixz_ 1

n|secco+taney | +C




Thanks for Visiting!
If you have questions, suggestions, or requests, let us know.

Cheers.
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